Abstract. In this paper, the dynamic behaviors, such as local asymptotic stability and global asymptotic stability of a continuous SUI epidemic model with chronological age and infection age for HIV/AIDS are discussed. The theoretical results of the paper indicate that HIV/AIDS diseases can be eradicated theoretically when the reasonable measures are taken to guarantee the conditions to be satisfied and the vertical transmission of HIV/AIDS diseases can be cut off. The results help us to interpret the importance of monitoring and control of HIV/AIDS. According to our theoretical results, everyone of us should be optimistic and be full of confidence in the monitoring and control of HIV/AIDS epidemic although no infected individuals can be cured and obtain the immunity to HIV/AIDS epidemic till now.
Introduction
Epidemic models study the transmission dynamics of infectious disease in host populations, aiming at tracing factors that give rise to their occurrence. Sexually transmitted diseases such as HIV/AIDS (Human Immunodeficiency Virus/Acquired Immunodeficiency Syndrome), make more and more researchers develop suitable mathematical models and study their dynamic behaviors to describe and interpret the epidemiology of sexually transmitted infections.
HIV virus has a long incubation and infectious period (from 8 years to 10 years), and no vaccines for HIV virus are available till now. Many authors try their best to interpret the pathologic process of HIV/AIDS with mathematical models in recent years [1] [2] [3] [4] [5] [6] [7] .
Few models discussed the effects of monitoring and control of AIDS, in order to interpret the importance of monitoring and control of AIDS and according to the truth that no individuals can obtain the immunity to HIV/AIDS epidemic. Ignoring the recovered group, a continuous SUI epidemic model is established in which the population is divided into three groups: S-group, I-group and U-group. Different from removed group in the mathematical sense, I-group contains no recovered individual and individuals in I-group are all patients who need medical treatments.
Since infection age also plays an important role in the infectivity of infected populations, it is significant to study dynamic behaviors of HIV/AIDS model. Unlike the models mentioned above, we introduce chronological age and infection age at the same time. In this paper, the continuous SUI epidemic model with chronological age and infection age is studied. We present the basic reproduction number R0 which depends not only on the rate of transition from U-group to I-group exponentially, but also on the age-specific contagion rate and the age infection-specific infectious rate. Our results show that HIV/AIDS epidemic can be theoretically eradicated if we chose the suitable small contagion rate or infectious rate by adopting some strategies to control the transmission of HIV/AIDS and increase the rate of transition from U-group to I-group by improving the technique of HIV testing to guarantee R0 < 1. The study should be instructive to monitor and control the transmission of HIV/AIDS. The rest of this paper is organized as follows. In Section 2, we give a chronological-age and infection-age structured SUI continuous epidemic model for HIV/AIDS epidemic with partial differential equations. Some assumptions and existence theorem are also given in this section. The local asymptotical stability of the SUI model is discussed in Section 3. The global stability of infection-free periodic state is obtained in Section 4. Section 5 is summary of our results.
Model and Assumptions
According to the truth that no individuals can obtain the immunity to HIV/AIDS epidemic till now and ignoring the recovered group, the population are divided into three epidemiologically distinct groups: S (susceptible individuals uninfected with HIV virus but susceptible to them), U (individuals infected with HIV but undiscovered) and I (individuals with AIDS or with HIV-positive, that is, individuals discovered to be infected with HIV virus). Different from removed group in the mathematical sense, I-group contains no recovered individual and individuals in I-group are all patients who need medical treatments. We assume that individuals with HIV-positive in I-group can make sexual contacts with others by adopting protective measures and cannot infect susceptible individuals. It is convenient to assume that individuals in U-group and I-group can have their health babies with the help of advanced technology of medicine and science. So the following model is always discussed by researchers. 
We have the following theorem: 
Locally Asymptotic Stability of Infection-Free Equilibrium Solution
For R0< 1, system (1)-(6) has a unique infection-free equilibrium solution (1,0,0 
We can first discuss the linearized problem corresponding to the above problem which only contains the unknown functions ) , ( t a s and ) , , ( t a u  as follows.
, we can obtain the eigenvalue problem of (7): 
Globally Asymptotic Stability of Infection-Free Equilibrium Solution
By using the method of Lyapunov function, Ref. [9] discussed the global stability of an age-structured cholera model. In this Paper, based on the local stability of infection-free equilibrium solution (1,0,0), the global stability will be obtained according to the global absorption of infection-free equilibrium solution (1,0,0) . Let
If R0< 1, by the above discussion we know 0 
Then infection-free equilibrium solution (1,0,0) is globally absorbing if R0< 1. Hence according to the local stability we know that infection-free equilibrium solution (1,0,0) is globally stable.
On the other hand, when R0> 1 and m a t  , it is easy to get that there exists a positive constant T0> 0 such that for t > T0 it holds:
. It is contradictory, so the infection-free equilibrium solution (1,0,0) is not stable. Therefore, we have the following theorem. Theorem 4.1: With assumptions (H0)-(H4), if R0 < 1, the infection-free equilibrium solution (1,0,0) to system (1)- (6) is globally asymptotically stable. If R0> 1, the infection-free equilibrium solution (1,0,0) to system (1)- (6) is not stable.
Remark 4.1: By Theorem 4.2, R0 is the basic reproduction number not only in the biological sense but also in the mathematical sense.
Summary
In this paper, by using mathematical analysis, we calculated the basic reproduction number R0 which depended not only on  , the rate of transition from U-group to I-group exponentially, but also on 1  , the age-specific contagion rate and 2  , the age-infection-specific infectious rate. Our results showed that HIV/AIDS epidemic could be theoretically eradicated if we chose the suitable small contagion rate 1  or infectious rate 2  by adopting some strategies to control the transmission of HIV/AIDS and increased  , the rate of transition from U-group to I-group by improving the technique of HIV-testing to guarantee R0<1. Though HIV/AIDS epidemic transmits relatively quickly at present, the global stability of the infection-free state we obtained implied that HIV/AIDS epidemic would be vastly controlled in real life. According to our theoretical results, everyone of us should be optimistic and be full of confidence in the monitoring and control of HIV/AIDS epidemic while there is no infected individuals who can be cured and obtain the immunity to HIV/AIDS epidemic.
For an infection-age-structured model of HIV/AIDS, our model ignored vertical transmission and assumed that individuals in three group had the same birth rate ) (a  . A more reasonable model of partial differential equations with vertical transmission will be discussed in future. Furthermore, we supposed that total population reached its equilibrium distribution because we assumed that the disease did not affect the death rate and the birth rate. In the future work, we will discuss the case in which the individuals in I-group will die because of the disease.
